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Abstract
The Higgs mechanism for gravity, as proposed by ’t Hooft in arXiv:
0708.3184[hep-th], can be augmented by including determinantal invari-
ants. We analyze the effects of determinantal invariants in such a set up.
We find that the part of the potential that depends on the determinantal
invariants, if obtains a specific exponential form in terms of its argument,
may not affect the graviton mass calculated.
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1 Introduction
In gauge theories, Higgs mechanism is the most fundamental framework for gen-
erating gauge boson masses in a renormalizable and continuous fashion. Namely,
in non-Abelian gauge theories the discontinuity in physical amplitudes as gauge
boson mass tends to vanish is lifted by the Higgs mechanism [1]. There has
been a recent activity as to derive a Higgs mechanism for gravity such that dis-
continuity in graviton mass [2] is lifted by the associated Higgs mechanism. To
this end, Moffat proposed the spontaneous symmetry breaking of local Lorentz
invariance [3]. ’t Hooft [4] studied the Brout-Englert Higgs mechanism using
four scalar field to fix the gauge in the four-dimensional spacetime. Scalars play
the role of preferred frame. Later Kakushadze [5] derived an equation for Pauli-
Fierz mass term in terms of a general potential by using Einstein-Hilbert action
to the linear order. Very recently, Demir and Pak [6] discovered an equation
for the mass term by using a more general action to quadratic order. Their
action, compared to the previous ones, contains also determinantal invariants.
There are also several other studies considering gravitational Higgs mechanism
in different contexts [7], [8], [9], [10], [11], [12], [13], [14].
The Pauli-Fierz theory [15], which is nothing but linearized Einstein-Hilbert
action about flat Minkowski, is the only ghost (negative energy) free theory. For
this theory the mass term in the lagrangian must have the form
− m
2
g
4
(hµνh
µν − ξh2) (1)
where h = hµµ is the non-unitary, negative energy mode, which is eliminated for
ξ = 1.
The framework of the present paper is that of Demir and Pak [6]. Our goal
in this paper is to analyze the effects of determinantal potential on the graviton
mass term. We will show that, a physically admissible mass term arises for a
specific solution for the determinantal potential.
To get ready for the analysis in the next section, we want to lay out notation
used: We consider 4-dimensional spacetime with coordinates xµ. In addition,
we introduce scalar coordinates φa (a = 0, 1, 2, 3) parallel to xµ. In addition to
the spacetime metric gµν , we introduce a scalar-induced metric
gφµν = ηab∂µφ
a∂νφ
b (2)
where ηab = diag(−1, 1, 1, 1) is the flat Minkowski metric, not the identity
matrix, i.e., ηab 6= δab.
Incidentally, the determinant of gφµν reads to be
√
-det(gφµν) = ε
αβγρ∂αφ
0∂βφ
1∂γφ
2∂ρφ
3 (3)
where εαβγρ is Levi-Civita symbol. One here observes that det(gφµν)/det(gµν) is
a perfect scalar field. This is the basis of the work [6], and our aim in this work
is to analyze the potential of this scalar field, i.e. ratio of the determinants.
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In weak gravitational field, one can expand gµν as
gµν = ηµν + hµν (4)
with inverse
gµν = ηµν − hµν + 1
2
hµαhνα (5)
up to the quadratic order. One obtains
g = det(gµν) = −1− h. (6)
The Higgs mechanism of ’t Hooft is based on the fact that the scalar coordinates
acquire the vacuum expectation value
〈φa〉 = m2xa (7)
so that
〈gφµν〉 = m4ηµν (8)
wherem is the mass scale. Therefore, in the vacuum, the determinant of metric,
g, is a scalar density of weight +2. The flat induced metric, its inverse, and its
determinant with the same argument can be defined respectively as follows
〈gφµν〉 = m4ηµν , (9)
〈g(φ)µν〉 = 1
m4
ηµν , (10)
〈gφ〉 = 〈det(gφµν)〉 = −m16. (11)
The outline of the paper is as follows. The action, which includes the
Einstein-Hilbert term in addition to the kinetic potential [5] and the poten-
tial of the determinantal invariant is introduced in Section 2. From this action,
constraints on the potentials in the massless phase is given in Section 3, and the
linearized equation of motion for massive graviton derived in Section 4. Finally,
it is completed with a conclusion in Section 5.
2 Action for graviton
From the set up of [5] and [6] one can consider the following action:
S =MD−2p
∫
dDx
√−g [R− V (y) + F (f)] (12)
where R = gµνR
µν is the curvature scalar, and
y = gφµνg
µν , (13)
f = det(gφµν)/det(gµν) (14)
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are kinetic and determinantal invariants, respectively. ’t Hooft’s work considers
only the invariant y. Demir and Pak include the invariant f , too. In this paper
all discussions will be in the four dimensional spacetime, D = 4. Thus, the
variation of equation (12) with respect to the metric gµν gives
(Rµν − 1
2
gµνR) =
V ′(y)gφµν +
1
2
gµν [F (f) + 2fF
′(f)− V (y)] (15)
where the prime denotes, the derivatives of potentials with respects to their
arguments.
3 Massless case
In the massless phase of gravity we have 〈φa〉 = 0, and thus, 〈gφµν〉 = 0 and
gµν = ηµν . In this case the curvature scalar R vanishes with the constraint on
the potentials
F (0)− V (0) = 0 (16)
This constraint is important for determining the behavior of potentials at their
vanishing arguments. The vacuum solution of potentials will be discussed in the
next section.
4 Massive case
In the Minkowski background the metric tensor gµν , the arguments y, and f
are as follows
gµν = ηµν , (17)
y = y∗ = m
4ηµνη
µν = 4m4, (18)
f = f∗ = det(m
4ηµν)/ det(ηµν ) = m
16. (19)
Contracting the equation(15), we get
yV ′(y) + 2 [F (f) + 2fF ′(f)− V (y)] = −R (20)
where R is the curvature scalar. From this equation of motion y can be solved
as the function of potentials F (f), V (y) and their first derivatives as follows
y =
2 [V (y)− F (f)− 2fF ′(f)]−R
V ′(y)
(21)
we denote such a solution as y∗, and in this case f , becomes f∗ = m
16, by con-
sidering equations (18, 19), and R = 0 in the Minkowski background. Rewriting
equation (21) as the function of arguments y∗ and f∗ we get
y∗ =
2
[
V (y∗)− F (f∗)− 2m16F ′(f∗)
]
V ′(y∗)
= 4m4 (22)
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If we set
F (f) + 2fF ′(f) = Λ (23)
Accordingly, the solutions for the two potentials are as follows:
F (f) = Λ + λf−1/2 (24)
V (y) = Λ +
R
2
+ λy2 (25)
where Λ is the cosmological constant, and λ is a constant with respect to f , and
y. These are the prime results of our work.
Einstein’s equation of motion satisfies the general covariance principle since
it has tensorial form. So the physical quantities should be coordinate indepen-
dent, under the
xµ → xµ − εµ (26)
coordinate transformation. Where εµ is infinitesimal. The scalar fluctuation
can be gauged away by using the diffeomorphisms
δφa = ∇µφaεµ (27)
δhµν = ∇µεν +∇νεµ (28)
after breaking the diffeomorphisms spontaneously by setting
δφa = 0. (29)
Considering the linearized Einstein equation (field equations for hµν) prop-
agating in the Minkowski background, we have
gφµν ≡ m4ηµν , (30)
det gφµν ≡ −m16 (31)
y = m4ηµνg
µν = 4m4 −m4h+ ...... = y∗ −m4h+ ......... (32)
f = −m8/g = m16 −m16h+ ......... = f∗ −m16h+ ......... (33)
Hence the linearized form of equation (15) reads:
(Rµν − 1
2
gµνR) =
1
4
ηµν
[
V (y∗)− F (f∗)− 8m16F ′(f∗)− 4m8V ′′(y∗)− 4m32F ′′(f∗)
]
h
+
1
2
[
F (f∗) + 2m
16F ′(f∗)− V (y∗)
]
hµν (34)
For decoupling of the scalar ghost state, the first term of the right hand side of
equation (34) must vanish, i.e.
V (y∗)− 4m8V ′′(y∗)− F (f∗)− 8m16F ′(f∗)− 4m32F ′′(f∗) = 0 (35)
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We can write equation (34) in more general form
(∂α∂νh
α
µ + ∂α∂µh
α
ν − ∂µ∂νh− ∂α∂αhµν − ηµν∂β∂αhβα + ηµν∂α∂αh)
= m2g [ξηµνh− hµν ] (36)
by introducing
ξ =
1
2
− 2m
8[V ′′(y∗) +m
24F ′′(f∗)] + 3m
16F ′(f∗)
V (y∗)− F (f∗)− 2m16F ′(f∗) (37)
m2g = V (y∗)− F (f∗)− 2m16F ′(f∗) (38)
where mg is the mass of graviton. As can be seen from the eqs. (24), and (25),
one can relates the gravitation mass to that of scalar field as
m2g = λm
−8 (39)
The λ parameter must be positive. After eliminating the scalar ghost, and
vector ghost states, the equation of motion (36) becomes
h = 0 (40)
∂µhµν = 0 (41)
∂α∂αhµν −m2ghµν = 0 (42)
The equation of motion (42) describes the massive graviton (spin-2) particle
without ghost state in the linearized approximation. In this situation the equa-
tions of motions are in the form of [5] and [6], but the equation (38) for Pauli-
Fierz combination of mass term is determined as eq. (39). This result is different
what is found in Demir and Pak [6], and [5]. This shift is proportional to the
mass of scalar field, and the parameter λ. Furthermore, for the linearized solu-
tion F (f) takes the form
F (f) = Λ + λm−8
[
1− 1
2
h
]
(43)
which is a function of the ghosty scalar h = hµµ. Also, to determine the nature
of potentials, for example, the non-trivial of the vacuum solution, with the form
of F (f), one relates the two potentials to the cosmological constant, F (0) =
V (0) ≡ Λ. Hence, one can determine the vacuum phase of the potentials. This
relation between two potentials enables one to kill the cosmological term with
equation (16). It is also the two potentials are equal in the flat Minkowski
space-time,
V (y∗)− F (f∗) = 0. (44)
but different in the curved one.
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5 Conclusion
We have analyzed massive graviton in the set up of Demir and Pak [6] with
an explicit solution for the determinantal potential. From our work, one can
conclude that:
a) If the potential is as in equation (24) the contribution of determinantal
potential to the Pauli-Fierz mass term becomes as eq.(39), this is very different
from the works of [6], and [5].
b) The structure of the determinantal potential enables us to relate kinetic
and determinantal potentials such that F (0) = V (0) = Λ, the cosmological
constant. However, consistency of the theory for the massless case (equation
(16)) guarantees that Λ = 0. This may be used as an argument for vanishing
cosmological term in the set-up considered.
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